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1. Introduction

In the last half century, invasive species have caused unprecedented challenges to agricultural systems globally. In
sub-Saharan Africa (SSA), agriculture is considered the primary source of livelihoods for most households [1,2]. However,
its contribution to food security and poverty reduction is hampered by several, often interacting, biotic and abiotic factors.
For instance, the recent invasion of fall armyworm (FAW-Spodoptera frugiperda JE Smith) in SSA has become a major threat
to food security in the region [2,3]. The first outbreak of FAW in Africa occurred in West Africa in 2016, and to date the
pest has spread to 44 countries in the continent [2]. The FAW can cause damage to more than 80 crop species, including
economically important crops such as maize, rice, sorghum, wheat, sugarcane and cotton just to mention a few.

Current estimates from 12 African countries suggest an annual loss of (4.1-17.6) million tons of maize due to FAW
infestations [2]. In particular, farm-level estimates from Ghana and Zambia suggest yield losses of (22-67) per cent [3],
47% in Kenya [4] and 9.4% in Zimbabwe [5] due to FAW infestations. In maize, FAW attacks all cropping stages from
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seedling emergence through to ear development. They defoliate and destroy young plants whereby, whorl damage can
result in yield losses, and ear feeding can result in the reduction of grain quality and yields [6]. The Management of the
FAW involves the integration of several approaches, including the use of insecticides, host plant resistance, and biological
control. However, all these approaches depend on several characteristics of the involved agro-ecosystems [7]. In South
America where the pest has been a challenge for quite sometime, the common management strategy has been the use of
insecticide sprays and genetically modified crops like Bt maize [6].

Due to financial challenges associated with most of African governments, alongside the cost associated with massive
spraying programs of chemical insecticides and the use of genetically modified crops like Bt maize, the effective
management of this pest in the continent remains a challenge [6]. In addition, excessive use of chemical insecticides
is associated with negative environmental effects and can lead to the development of pest resistance [8]. At the backdrop
of this, integrated pest management (IPM) has been gaining more attention among researchers and its application is also
increasing the crop yields [9,10]. This approach seeks to minimize the reliance on pesticides use by emphasizing the
application of biological control agents.

Mass media can affect the spread and attack poised by FAW during an outbreak. Furthermore, awareness campaigns,
particularly through various media outlets such as radio, newspapers, TV and so on, do not only make farmers aware of
FAW outbreaks but also improve trust on IPM a nation will be advocating for. In recent times, attention to health news has
been observed to play an integral role in disease management [11]. There is no doubt that correct and relevant knowledge
about maize crop and its pests is essential to farmers [10].

The main goal of this paper is to develop a mathematical model to assess the effects of media campaigns during a
FAW outbreak. Mathematical models of plant-pest interactions have provided insights into effective methods for effective
pest management as well as way of increasing plant productivity (e.g. [10,12-22]). In some of the studies (e.g. [10,12-
14,16,23]), mathematical models were used to investigate the effects of biological control on the dynamics of plant pest
interactions, while in other studies (e.g. [17-22]), pest management models based solely on chemical controls were
proposed and analyzed. For instance, Liu and Teng [18] utilized a mathematical model to assess the impact of spraying
pesticides at a fixed time on the pest reproductive cycles. Among several outcomes, their study showed that there exists
an optimal time for pest control if the pesticides were to be applied just before each birth pulse of the cycle. Wei [24]
proposed pest control models that incorporated birth pulse and were based on the assumption that pesticides killed adult
pests or larvae or both. Making use of numerical simulation, the study demonstrated that with the different elimination
rates for larvae and adults, the corresponding optimal times for pesticide applications were also different.

These studies and several others (e.g. [10,12-14,16-22,25]) have certainly produced many useful results and improved
the existing knowledge on plant-pest interaction dynamics. Despite of all these efforts, mathematical models for FAW
management during an outbreak are very few and of the few that exists there are some limitations; (i) majority of these
few were general and not pest-specific, which implies that their results were also general. Practically, pests are not general,
rather, they follow different biological development cycles, hence more informative plant-pest interaction models need
to be pest-specific and closely follow the life cycle of the pest involved (ii) the presented models utilized integer-order
differential equations (IDEs) which according to Caputo [26], do not replicate real-world problems nor capture memory
effects as compared to fractional calculus.

Furthermore, unlike IDEs, models based on fractional calculus have been found to be more accurate with regard to
describing rules and development processes of several phenomena in natural science [27] and this has been attributed
to the fact that fractional order models possess memory effects and hereditary properties. Hence, there has been
growing interest among researchers to use fractional calculus in modeling real-world problems, and some remarkable
achievements have been made [27]. Cognizant of this, a fractional order pest-plant based model has been proposed in the
present study with the aim to study the effects of educational campaigns and FAW larval predation on persistence and
extinction of the pest in a maize field. The model incorporates the maize biomass and two essential development stages
of the FAW, that is, the larval and the moth (adult). In addition, since FAW larvae are prey to several parasitoids, predators
and pathogens like birds, rodents, beetles, earwigs [28], the proposed model incorporates the predator population.

The rest of the paper is organized as follows: In Section 2, a fractional-order FAW model is proposed and analyzed. In
particular, the model’s steady states have been computed and their stability has been investigate as well. In Section 3, we
perform an optimal control study to determine the effects of farming on minimizing the effects of FAW on maize biomass,
through both mathematical analysis and numerical simulation. Finally, we conclude the paper with some discussion in
Section 4.

2. Model formulation and analytical results
2.1. Model formulation

We developed a mathematical model for FAW outbreak in a maize field focusing on investigating the effects of farming
awareness and biological control (FAW predators). The proposed model is based on fractional calculus of Caputo type [26].
The FAW population is subdivided into two classes; the larvae L(t) and the adult which also known as the moth A(t). The
FAW predator population is modeled by Z(t). Meanwhile, the dynamics of maize biomass are represented by M(t). The
proposed model is governed by the following assumptions:
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(i) We assume logistic growth for the density of maize biomass, with net growth rate r and carrying capacity Ky,. Let
B be the consumption rate by FAW larvae and e be the efficiency of biomass conversion. Awareness is assumed to
reduce the attack rate of the maize crop by FAW larvae by a factor 1 — u, with 0 < u < 1. Thus u = 0 implies
that awareness has no impact on reducing the attack rate of the maize plant by FAW whereas u = 1 implies that
farming awareness is 100% efficient in protecting the maize crop from FAW attack during an outbreak.

(ii) The dynamics of the FAW larvae are assumed to follow a logistic growth model, with net growth rate b; and the

carrying capacity K;. The larvae are assumed to progress to the adult stage after approximately 1/« days. The

FAW larvae and adults suffer natural mortality at rates u; and w4, respectively. Apart from natural mortality, both

populations diminish due to mortality attributed to the mitigation strategies carried out by farmers as a result of

awareness, at the rate ud, where d is the mortality rate of the FAW larvae and adult. Note that if awareness does
not have an impact (u = 0) on FAW populations, then these populations suffer natural mortality only.

Even though biological control may not replace conventional insecticides, a number of parasitoids, predators and

pathogens like birds, rodents, beetles and earwigs readily attack the larvae [28]. To account for the effect of larval

predation, let o be the attack rate of the larvae by predators and p be the efficiency of conversion. The average life
span of predators is assumed to be 1/n days.

(iii

=

Based on the above assumptions, the proposed model is summarized by the following system of nonlinear ordinary
differential equations (Fig. 1 shows the transition diagram):

M

‘DIM(t) = r"M(l - K&) — BY1 — u)LM,
L

plL(t) = bfA(l - 17") +eB9(1 — u)lM — 69ZL — (uy + oy + ud)L, (1)
L

DIA(t) = oL —(ud+udA,

‘Diz(t) = poillz —nZ.

with initial conditions as:
M(0)>=0, L0)=0, AW0)=0, Z(0)=0. (2)

Here, ED? represents the Caputo fractional derivative of order q (0 < q < 1). The Caputo fractional derivative of order ¢
is defined [29]:

1 toom
GDif () = = /0 G _f;)ilfndg, n—l<qg<neNn,

where I represents the gamma function and the Riemann Liouville fractional integral of arbitrary real order ¢ > 0 of a
function f(t) is defined by the following integral:

1 t

170 = s [ - e e,
I'(q) Jo

Jof(t) = f(t).

Remark 2.1. Note that, in order to avoid flaws regarding the time dimension, we introduced q in the model parameters

(right-hand side) of system (2) so that the dimensions of these parameters became (time)~9 which is in agreement with
the left-hand side of the model.

2.2. Positivity and boundedness of solutions

In this section, we study the positivity and boundedness of solutions of the proposed fractional order model (2) to
establish if it is mathematically and biological poised. It follows from (2) that:

Theorem 2.1. Model (2) is positively invariant and bounded in ]Ri.
Proof. This begin by demonstrating that Ri ={M,LAZ)e Ri : M(0) > 0, L(0) > 0,A(0) > 0, Z(0) > 0} is positively

invariant. For that, we demonstrated that on each hyper-plane bounding the non-negative orthant, the vector field points
to Ri. Therefore, for M(0) > 0, L(0) > 0, A(0) > 0, Z(0) > 0, we have

DIM(t)lu=o = O,

¢DYL(t) |1=o = bjA>0, a)
‘DiA(t)|azo = o/L>0,

DiZ(t)|z=o = O.
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Fig. 1. Model flow diagram illustrating the dynamics of the FAW in a maize field. The fAW life cycle is divided into two classes; the larvae L(t)
and adult A(t) population. The FAW predator and maize biomass population are represented by compartment Z(t) and M(t) respectively. Continuous
lines indicate either inflow or outflow transition between compartments. Red and blue discontinuous arrows connecting compartment L(t) with
compartments Z(t) and M(t) show the interaction that occurs between the predators Z(t) and FAW larvae L(t) as well as with maize biomass M(t).
Note that the predator has an effect on larvae which in turn have an effect on maize biomass. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Based on the results in (3), it follows that model (2) is positively invariant in Ri- Further, from the first equation of model
(2), we demonstrate that M(t) < Ky, Vt > 0. If there exists ty such that M(tg) > Ky, then due to the continuity of M(t) :

3B (tp) : YVt € Bc(to) : M(t) > Ky, (4)
so:
M
rM(l - —) < 0. (5)
Ky
Thus fODqM(t) < 0. From the continuity of M(t) and dd—"t” = limg_, ;- fODqM(t) < 0, hence we conclude that M(t) is a

decreasing function for all t > 0 and it follows that 0 < M(t) < M(0) < Ky, VYt > 0, and this is a contradiction to (4).
Thus M(t) < Ky, for all t > 0. Using a similar approach it can easily be verified that 0 < L(t) < K;. Now, from the third
equation of system (2) we have:

SDIA(t) = oL — (uj + ud®)A
< oK — (u} + udh)A. (6)

Applying the Laplace transform one gets:

-1 oK'
sTLIA(E)] — s A(0) < 5 (g + ud®)LIA)]. (7
After combining like terms one gets:
45,4 s”! st
LIA)] < oK + A(0)
st (g + ud?) s7+ (uy + ud)
4a a—(1+4) sa—1
= o K + A(0 . 8
T e Y G ®
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Applying the inverse Laplace transform leads to:

| aug sq—(1+4) O sq—1
Aty < ¢ o K —————— 1 + A(0)C —
s+ (a4 udi) s+ (a4 udf)

IA

< o/ KtEq gia(—(1ed + ud)t?) + A(0)Eq 1 (—(pef + ud®)e?)
q5-9
ozLKL q
—_— + ud)tE —(ud 4+ udNHt9) + A(0)E; 1(—(ud 4+ ud9)td
= +ud)(MA JEq qr1(—(1d )t9) + A(0)Eq 1 (—(1q )
oK)
< maxy —5———,A(0) t (g + ud")tEqg g1(—(pag + ud")t?) + Eq 1(—(pg + ud)t?))
(g + ud?)
C
= —_—— C , 9
ray " (9)

otq q
where E; is the Mittag-Leffler function and G4 = max{ i) P(O)}. Thus, A(t) is bounded from above. From the last

- (nd+uda)’
equation of system (2) we have:

°Diz(t) = pollz — n'Z

< —(n" — po'K))Z. (10)
Applying the Laplace transform in the previous inequality, we get:
SILIZ(0)] = s77'2(0) < —(n* — po 'K/)LIZ(D)], (11)
which can be written as:
(©) = 20— (12)
LIZ() <Z0)——— . 12
s+ (09 — poik])
Applying the inverse Laplace transforms leads to
Z(t) < Z(0)Eq[—(n? — po 'K )] (13)
Hence, we conclude that Z(t) is bounded. O
2.3. Equilibrium points and their existence
The fractional-order model (2) has the following six equilibrium points:
(a) The trivial equilibrium point & : (Mo, Lo, Ao, Zo) = (0, 0, 0, 0) always exists.
(b) The pest-extinction equilibrium point &; : (My, L1, A1, Z1) = (Ky, 0, 0, 0) always exists.
(c) The plant-extinction equilibrium point &, : (M3, Ly, Az, Z,) where:
q 41
My = 0 L= A=
P (uy + ud®)p (14)
., bin? + pK(u} + o 4 ud?) b7 pK}!
2T pquLq bind + pKLq(,u;’ + ud? + o)
[T . . . . bquLq
Thus, the equilibrium point & makes biological sense if PP [ > 1.
(d) The plant and predator-extinction equilibrium point &5 : (M3, L3, A3, Z3) where:
K} b
M o= o, L3="L< T —1>,
be \ (u; + o +ud?)
A — o] Kl (] + o + ud?) ( ba 3 1) (15)
(uf +of +ud) )

ba(mu} + ud?)
Z; = 0.

Therefore the equilibrium point &; exists and is biologically meaningful if b > (] + o + ud?).
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(e) The predator-extinction equilibrium point is &, : (Mg, L4, A4, Z4) Where:
bq
K| rib? + BIK (ud + o + udq)(l - )}
M[ e (i + o +ud?)
ribd + e(BI(1 — u)2Ky K/

agd bd a1 — u)K;
L, = Ry ; q( —:eﬂ( u) M_1>’ (16)
rab? + e(BU(1 — u) 2Ky K \ (] + o + ud?)

riatk] (bq + eB(1 — u)Ky, 1)

(18 4+ udt) (] + o +ud)a \ (] + o + ud?) ’
0.

My =

)

Ay =

7, =

where n = (r9b? + e(B(1 — u))ZKLqK,\‘Z,. It follows that the equilibrium point &4 exists and is biologically feasible if
b1+ epi(1 — u)K,@, > (uf + af + ud?) with b < (,ug + (xf + ud?).

(f) The coexistence equilibrium point & : (Ms, Ls, As, Zs) where:

Ky Bn® ( 19p n’ e
Ms = M ( - ls=—, As=-—(F——,
Jip A\ nf (1q + ud®)p
Kye(BY1 —u))ynd (rip?
P we(Bi( (it (17)
rq,OUq ﬂq”q
+oq(1<fr"p(uf + o] + ud?)) + b biK'rp ;
rip bqrqnq(ug + af + udq)Kfrqp

Therefore, the equilibrium point & exists and is biologically meaningful if b%K'r9p > birin9(u! + o] + ud®)Krip
with rip > Binf.

2.4. Local stability analysis of the equilibrium points

The local stability analysis of for the fractional order model (2) around the above equilibrium points is obtained by
computing the Jacobian matrix corresponding to equilibrium points. The Jacobian matrix of system (2) is as follows:

q
g 2PN gy 0 0
K
JIM, LA, Z)= ef(1 — u)L n 0 —oL . (18)
0 of  —(ud+ud9) 0
0 oZ 0 —n?4 pL

with n = b? + eB9(1 — u)M — ¢9Z — (M;’ + ozz’ + ud?) — %ZL The local stability of the equilibrium points of model (2) is
L
now investigated making use of the Jacobian matrix (18) and Lemmas 2.1 and 2.2.

Lemma 2.1 ([30]). Consider the following fractional order system:

o DIx(t) = f(t,x),]

x(0) = X (19)

where f (t, X) : RT x R" — R™. The equilibrium points (14) are locally asymptotically stable if all eigenvalues A; of the Jacobian
matrix % evaluated at the equilibrium points satisfy the following condition:

larg(X\i) > q7n

Lemma 2.2 ([31], Routh-Hurwitz Criteria). Given the polynomial:

POA) = A"+ @A T+ A" asA" 3 a4 ap ik +ay,

where the coefficients a; are real constants, i = 1,...,n, define the n Hurwitz matrices using the coefficients a; of the
characteristic polynomial

a 1 a 1 0
Hi=[a], Hy=| , Hy=la a ar],
as dap
as a4 das
6
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and
aga 1 0 O --- O
a da; aq 1 s 0
H, = as a4 as a, --- 0 ’
0O 0 0 0 - a

where a; = 0 if j > n. All of the roots of the polynomial P(A) are negative or have negative real part if and only if the
determinants of all Hurwitz matrices are positive:

det(H)>0, j=1,2,....n

Routh-Hurwitz criteria for n = 2, 3, and 4 are as follows:

(C)n=2: a; >0, and a, > 0,

(C2yn=3: a; >0, a3>0, and aa; > as

(C3)n=4: a;>0, a3>0, a;>0, and a;aa3 > a3+ dja,.
Theorem 2.2.

(i) The trivial equilibrium point & is locally asymptotically unstable.
(ii) If b7 < (,ug + af + ud?), then the pest-extinction equilibrium point & is locally asymptotically stable.
(iii) If ri% < Bn% and condition (C1) of Lemma 2.2 holds, then the equilibrium point &, is locally asymptotically stable,
otherwise it is unstable.
(iv) If b7+ eBi(1 — u)K,a, < (,u‘L’ + a? 4 ud?) and condition (C1) of Lemma 2.2 holds, then the equilibrium point &4 is locally
asymptotically stable, otherwise it is unstable.
(v) If condition (C2) of Lemma 2.2 holds, then the equilibrium point &s is locally asymptotically stable, otherwise it is unstable.

Proof.

(i) The Jacobian matrix of system (2) evaluated at & is

rd 0 0 0

_ |0 b7 —(u] +of +ud?) 0 0

J&) =14 of —(u?4ud?) 0
0 0 0 0 —nf

The eigenvalues of matrix J(&) are A1 =17 > 0, Ay = b? — (] + o] + ud?), A3 = —(ua + ud?) and A4 = —n¢. Since
A1 > 0 it follows that the trivial equilibrium point & is locally asymptotically unstable.

(ii) The Jacobian matrix of system (2) evaluated at &; is

—ri 0 0 0
0 b7 —(uf+ o +ud) 0 0
](81) 0 a]l_] _(Mq +udq) 0
0 0 0 0 —nt

The eigenvalues of matrix J(&) are Aq = —r9, Ay = b? — (u] + ] +ud?), A3 = —(ua +ud?) and 14 = —n9. Following
Lemma 2.1, it can be observed that the equilibrium point & is locally asymptotically stable if b7 < (/L;_I + ozf + ud?)

(iii) The Jacobian matrix of system (2) evaluated at &, is:

ri — BiL, 0 0 0
_ eﬂq(l — U)Lz Ffl 0 —O'qu
J(&)= 0 af  —(ug +ud) 0 (20)
0 pZs 0 -+ pLy
with m = b1 — 092, — (] + o + ud?) — 211’(# The eigenvalues of matrix (20) are A; = 17 — ﬂ%q, Ay = —(pug +ud9)
L
and the remaining eigenvalues can be obtained from the reduced matrix
2bL,
~ b? — 097, — (u! + o] + ud?) — —oiL
Jie) = 2= (o udl) = =g 2| 1)
pZ; -1+ pla
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whose characteristic equation is as follows
M H+ar+a, =0, (22)
with

ar = 0?4+ 0% + (u] + o] +ud®) — b,

B rlq+0qbqnq+pKLq(ug+aq+udq)< bipK/ B
pquLq bind + pKf(,ug + ud? + )
+bq((uf + O;;,ZI"‘ ud?) _ l)

a

2bL
o'z, + (n? — pLz)((Mi’ +op udh) + == 2 - bq)
L

anqbqnq + oK (1] + o + ud?) b?pK/ B
pa 1K} bind + pK(uf! + udd + a9) '

(23)

Therefore, if r% < B% and condition (C1) of Lemma 2.2 holds, then the equilibrium point &, is locally
asymptotically stable, otherwise it is unstable.

(iv) The Jacobian matrix of system (2) evaluated at &3 is

r9 — Bils 0 0 0
2bL5
eBIL b — (ud + o + ud?) — 0 —o1L
ey =| PP (i ter+ud) = = 2 (24)
0 af —(py + ud9) 0
0 pZ3 0 —n + pL3
One can observe that, Ay = r9 — ’SQT"q, Ay = —(MZ + ud?) are some of the eigenvalues of the Jacobian matrix (24),
hence matrix (24) reduces to
2blL5
~ b? — (u! + & + ud?) — —oiL
Jiesy = |7~ tertud) =g : | (25)
pZ3 —n?+ pls

From (25) we have the characteristic equation

22 +aA+a, =0, (26)
with

q q 9 1 yde b
Y] (U /L NP B (L Y |
ba (p) + 4 ud?)
. bd pK? b9
a =nlul +a’+udHf1 - —-— (1 - -1
2= ) (1T + a9 + ud?) b1\ (0 + a9 + udd)

akd q q
+2(n‘1)2<1—p77 L( ; b —1))(qb—1>. (27)
b? \ (u] + ¥ + ud?) (p) + a4 ud?)

Thus, if r9% < B91? and condition (C1) of Lemma 2.2 holds, then the equilibrium point &5 is locally asymptotically
stable, otherwise it is unstable.

(iv) The Jacobian matrix of system (2) evaluated at &, is

2qu4
14— gL, — —BIM. 0 0
:B 4 Klel /3 4
J(&) = efU1 —u)ly il 0 —oily |, (28)
0 af  —(ug+ud9) 0
0 0 0 —n?4 pLy
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with 7t = b7 + ep9(1 — u)My — (1] + o] + ud?) — % The eigenvalues of J(&,) are;
L

b = —(ud + ud?)
Ay = =T+ pls
riK ! b9 + epd(1 — u)Ky,
=—nl— G aea\1— tﬁ( t : (29)
rib + e(B9(1 — u))?Ky K/ (1] + o9 + udd)

Hence, matrix (28) reduces to

Jtea) = [eﬁq({"l oo “] : (30)

with
2riM.
wy =717 — Ly — q4
K
o BIriK; b?+epl(1 —ukKy
rabt + e(BI(1 — u) KA KP \ (uf + o9 + udd)

bq
2r9| rib9 4+ BIKH (! + af + ud? (1-)]
[ AUy L ) (,ug—i—(xf—i—udq)
rabd + e(BI(1 — u) 2K} K} ’
2b7L
wy = b9+ epI(1 — uMy — (1! + o + ud?) — Kq“
L
Q|: apa q lI( q q dq) b1
K3 r9b9 + Ik (ud + o +u (1—)]
M /3 L L L (Mg'i‘ag‘l'qu)

= bl + 11—
epi(1—u) ribd + e(B(1 — u) 2K K?

2brd b9+ eBI(1 — u)Ky, )
rab? + e(B9(1 — w) 2K K\ (] + of + ud) '

From (30), the corresponding characteristic equation is

—(u] +of +ud?) -

M +ah+a, =0, (31)
with
a; = —(wy + wy),
. ep1(1 — u)*riK/ b7 + ef9(1 — u)Ky;
= wWiwWy + v q q —1).

rib? 4+ e(BI(1 — u))*KyK' \ (u; + o + ud?)

Therefore, if b? + ef9(1 — Ky, < (1] + o] + ud?) and condition (C1) of Lemma 2.2 holds, then the equilibrium
point & is locally asymptotically stable, otherwise it is unstable.

Q
)
|

(vi) Since all the variables are non-zero at the coexistence equilibrium point, it follows that matrix J (18) is the Jacobian

matrix of system (2) at this equilibrium point. From (18) one can observe, that A, = —(MZ +ud?) and the remainder
can be obtained from the following reduced matrix:
~ w1 —BMs 0
J(&) = | eBils ) —ols |. (32)
0 ,025 11)3
where
2TqM5
wy; = 17— BIs — ,
1 BiLs KT
2b4L
iy = b+ epI(1 — uMs — 0Zs — (1! + o + ud?) — qu,
L
w3 = —n? + pls. (33)

The corresponding characteristic equation at £ becomes

M+ adA +dr+al =0,
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with
aj = —(w + wy + w3),
a; = wi(Wy + W2) + Waws + o pLsZs + e( 1)’ LsMs,
a; = —wi(0pLsZs + Wrws) — e( )’ LsMsws.

Since Ay < O, it follows that condition (C2) of Lemma 2.2 holds, then the equilibrium point & is locally
asymptotically stable, otherwise it is unstable. This completes the proof. O

2.5. Global stability analysis of the equilibrium points

In this section, Lyapunov functions will be constructed in order to investigate the global stability of the equilibrium
points of the model. To simplify the analysis, let go(M) = r?M(1 — M/Ky) and g;(L, A) = b (1 — L/K,)A.

Theorem 2.3. The trivial equilibrium point & is globally asymptotically stable whenever:

q q q

+ o + ud?)(pud 4 ud? ond

ego(M) + gi1(L, A) < (g + e q)(“" L p" Z
ap

Proof. Let us consider the following Lyapunov function:

q q q
Un(t) = eM(t) + L(t) + “‘L*‘Z%q*“d)f\(r) + %Z(r). (34)
L

The fractional derivative of (34) along the solutions of system (2) leads to:
(! + o + ud?) 1
L ——A@t) | +¢ D} | =2(t)
o P
elgo(M) — BU(1 — u)lM] + g1(L, A) + eBI(1 — u)lM — 09ZL — (u] + o + ud?)L

DIU() < DIeM(E)] + DL() + D?[

4+ ol + ud 1
UAL A an+ )[OffL —(ua + ud")A} + = [poqLZ - n‘*z}
o 0
(1] + o +ud?)(uy +udHA  n
= ego(M) + g1(L, A) — ——+ o A -,z (35)
L

It follows that if M(t) = My, L(t) = Lo, A(t) = Ap and Z(t) = Zy, then gD?U](t) = 0. However, if:

q q q

+ o) + ud? ~+ ud? Ind

ego(M) + g1(L,A) < Lt A T UL T udDA Gpn
oy

Z <0,

then ¢D{U;(t) < 0 and the trivial equilibrium point & is globally asymptotically stable, otherwise it is unstable. This
completes the proof. O

Theorem 2.4. The equilibrium point &, is globally asymptotically stable whenever:

* * q q q
ego(M)<1 SR > ) - TN EUER T,
M gO(M) o 1Y
Proof.
q q
Us(t) = e|:M(t) — My — M, ln<M(t))] F L)+ (“L+°‘—Lq+”dq)A(r) + Lz, (36)
M1 aL pq

The fractional derivative of (36) along the solutions of system (2) leads to:

e(] _ M* ) ED?M(t) +2 D?L(t) +2 D?[WMA“')] +g D?I:;Z(t)j|

cplu,(t
Deh(®) M(t) a

IA

e<1 - %)(go(M) — B9(1 — w)M) + g1(L A) + ef(1 — u)IM — oZL

10
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T+ af +udd 1
—(uy +ap +ud)L + M [afL —(up+ ud")A} + P [poqu - n"z]
op
M LM, (1r + o + ud)(py + ud?)A
=egoM)|1——+B(1—-1u + g1(L, A) —
Zo( )< M B( )gO(M)> gi(L, A) o
oinl

0

It follows that if M(t) = My, L(t) = Ly, A(t) = A; and Z(t) = Z;, then ¢D{U;(t) = 0. However, if:

M LM q q dD)( d)A qnd
ego(M)<1——1+ﬁ‘1(1—u) 1 >+g1(L,A)— Gy oy udo +udA oty
M & (M) of 0

then gD?U1(t) < 0 and the trivial equilibrium point &; is globally asymptotically stable, otherwise it is unstable. This
completes the proof. O

Theorem 2.5. The equilibrium point &, is globally asymptotically stable whenever

L L LA LA L A LA
g1(L2,A2)<1——— (L A) + &l 4) >+L2<1+——f_72>
L, Lg(l,A)) gLz, Az) L

2 Ay LA
+ ego(M) — eBI(1 — u)l,M < 0.

Proof. Consider the Lyapunov functional:

L(t) 1 A(t)
U](I’) = eM(t) + |:L(t) —L,—-1L ln(L)] + q|:A(t) —A— A IH(A>]
2

o 2
+l |:Z(t) — 2y — 2, 11'1<Z(t)>:|
P %)

(37)
The fractional derivative of (37) along the solutions of system (2) leads to:
‘DIUL(t) < e DIM(t)+ | 1 — L °DIL(t) + z 1- m °DIA(t)
a~t — a~t L(f) a~t ag M(f) a~t
1 z3
1— — ) °DIz(t). 38
+p( Z(t))‘”() (38)
At the equilibrium point & we have the following identities:
(1] + af +ud?)Ly = gi(La, Ay) — 021, (g + udA; = oL, n? =oply.
Making use of these identities leads to
L Lyg (L, A LA L A IA
zDgUZ(f)Sgl(Lz,Az)(l—*— 2£1(L, A) + &l 4) )+L2<1+*—* _72)
Ly Lgi(la, A2) gLz, Az) L, A LA
+ ego(M) — eB(1 — u)L,M. (39)

We can note that, at the equilibrium point £ one can easily verify that nguz(t) =0 and nguz(t) < 0 if and only if:

L Lrgi(L, A) g1(L, A) L A A
g(L,A)(l——— + tL(1+—-=2 -2
12 L, Lgi(ly,Ay)  gi(L2, A2) 2 Ly

A, LA
+ ego(M) — eB(1 — u)L,M < 0.

Hence, if the above condition holds then &, is globally asymptotically stable. This completes the proof. O

11
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Theorem 2.6. The equilibrium point &3 is globally asymptotically stable whenever:

L L LA LA L A LA
g](La,A3)<1——— sl A &l A) >+L3<1+—————3>
Ly L3gi(L3, A3)  gi(L3, A3) L3 A3 L3A

q
+ ego(M) — ef(1 — u)LsM — nqz<1 _ ‘qu) <.
n

Proof. Consider the Lyapunov functional:

L(t) 1 A(t)
U3(I') = eM(t) + |:L(t) — L3 —1Is5 ln()] + -3 |:A(f) — A3 —As 1H<>i|
L3 Q) As

+ 1Z(t). (40)
P

At the equilibrium point £3 we have the identities:
(] +of +ud?ls = gi(L3, As3), (g + udAs = ofLs.

Utilizing these identities leads to the following result:

L L LA LA L A LA
<DIUs(t) sgl(Lg,Aa(l L LadA) | sl A) ) +L3<1 LA 3)
Ly L3gi(L3,A3)  gi(L3, Asz)

q
+ ego(M) — eB9(1 — u)LsM — n‘?(l _ “qL3>.
n

It follows that if M(t) = Ms, L(t) = L3, A(t) = As and Z(t) = Zs, then ¢D{Us(t) = 0. However, if:

L L LA LA L A LA
gl(L3,A3)<1—*— £i(l A) + gl 4) >+L3<1+——f_73>
Ly L3gi(L3,A3)  gi(L3, A3) L3 A3 L3A

q
+ ego(M) — eB(1 — u)LsM — n"(l - o—qL3> <0,
n

then gD?U3(t) < 0 and it follows that equilibrium point &3 is globally asymptotically stable, otherwise it is unstable. This
completes the proof. O

Theorem 2.7. The equilibrium point &4 is globally asymptotically stable whenever:

L gM) My go(M) LM go(M) L A A
g"(M“)(u T aoMa) M go(Ma)  LaMa go(M4)> “‘*(1 L )

+81(La A4)(1 L&A L L gl A) )

Ay LA

81(Ls,Ag) Ly L gi(Lg, Ag)

LM L Lsgi(L,A)
+eﬂQ(1_u)L4M4<1+L4IV[4_L4_ m) = (41)
Proof. Consider the Lyapunov functional:
My Ly
o Ay 0 Z

At the equilibrium point £, we have the following identities:

go(My) = (1 — u)LsMa,
g1(La, Ag) + eBU(1 — u)lyMy — 09LsZs = (] + o] + ud?)Ly,
(14 + udAs = oLy, alply = 1.

12
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Utilizing these identities leads to the following result:

ZD?U4(t)sgo(M4)< LL L &M) My g(M) LM go(M)>
4

g0(Ms) M go(Mg)  LaMs go(Ma)
LA L Ly gL A)

+g1(L4,A4)<1 pald L L aldA) )
81(La, Ag) L4 L g1(Ls, As)

M Ligi(L, A) )

LyMy L4 Lg(Ls, As)

tr(14 LA
4 L, A, LA)

+€ﬂq(1 — U)L4M4(1 —+

It follows that if M(t) = My, L(t) = L4, A(t) = A4 and Z(t) = Z4, then ngU4(t) = 0. However, if:

Ly 20(Ms) M go(Ms) LMy go(My)
gi(L, A) L Ly g(L,A) )

2 (M4)< L &M) My gM) LM go(”’))

+g(L,A)<1+7————
fea 81(Ls, As) Ly L g1(Ls, Ag)

LM L4g1 L A )

eBN(1 —u)LgMyl 1 - — =
+epY( Ly 4( +L4M4 L4 Lg(La. A7)

t(1e L oA A
LA M
4 La As LA

then ngU4(t) < 0 and it follows that equilibrium point &, is globally asymptotically stable, otherwise it is unstable. This
completes the proof. O

3. Optimal control problem

In this section, we investigate the role of time-dependent intervention strategies on minimizing the growth of the
FAW population during an outbreak. Precisely, we investigate the effects of time dependent awareness campaigns as an
intervention to control the growth of FAW population. Hence the constant awareness campaign parameter u in model (2)
is now considered to be time-dependent, that is, 0 < u(t) < umax < 1, where umax is the upper bound of the control
u(t), which reflects practical limitation on the maximum rate of control that can be implemented in a given period. In
what follows, we introduce an objective functional ] which will be utilized to formulate the optimization problem of
interest. In particular, the overall objective here is to minimize the number of FAW larvae and moths over a finite time
interval [0, T] at minimal costs. Mathematically, this can be captured as follows:

T
Ju(t) = min/ |:L(t)+A(t)+ Wuz(t):| dt, (43)
2 Jo 2
subject to the system:

. M
‘DiM(t) = qu<1 — Kq) — B9(1 — u(t))LM
‘oiLt) = bfA(l - K%) + eBI(1 — u(t)IM — 09ZL — (u] + of + u(t)d)L, (44)
‘DIA(t) = oafL—(ud i u(t)dA,
‘Diz(t) = poillZz —nZ.

In Eq. (43), W is known as the weight constant. The weight constant over the prescribed time frame is a measure of the
relative costs of the interventions over a finite time horizon. The optimal control problem hence becomes that, we seek
an optimal function, u*(t), such that J(u*(t)) = ming J(u(t)) subject to the state equations in system (44) with initial
conditions (2).

13
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3.1. Optimality system

We use Pontryagin’s maximum principle [32,33] to determine the necessary conditions that optimal controls must
satisfy. Through Pontryagin’s maximum principle, system (44) is converted into an equivalent problem, namely the
problem of minimizing the Hamiltonian H(t) given by:

HE) = L) +A)+ guz(t)
+ A -r"M<1 — Mq> - Bi - u(t))LM}
i K

i L
+ 2 bfA(l - 1<7> + e — u(t)IM — 09ZL — (! + o + u(t)dq)L]
L L

+ 3| oL — (ud + u(t)dq)A] + A4 |:,oaqLZ — an:|,
where A{(t), Ao(t), A3(t) are A4(t) are the adjoint variables corresponding to the states M(t), L(t), A(t) and Z(t).

Given an optimal control u*(t) and the corresponding state solutions M, L, A and Z, there exist adjoint functions A;(t),
i=1,2,3, 4 satisfying:

DIM(T —t) = [rq — % — B — u(T — )T — t)}m(r —t)
M

+eB9(1 — u(T — )T — )rx(T — t),

DT —t) = 1— 91 —u(T —t))M(T — t)a(T — t) + aas(T — t)
+09pZ(T — t)ag(T — t) 4+ eBU(1 — u(T — t))M(T — t)Ax(T —t)

BIA(T — t) (46)
—[af +uf +u(T —t)d — LT +09Z(T — r)]xz(r —t),
L
DIs(T —t) = 1—(uh+u(T —6)d)As(T —t)+ bL(l - %)xz(r —t),
L
DIAAT —t) = —o'LT — ro(T — )+ (69pLT — t) — n)Ag(T — T),

with transversality conditions 1(T) = 0 for i = 1, 2, 3, 4. Furthermore, the optimal controls are characterized by the
optimality conditions:

(47)

IM + d9)LA; + d9AA3 — BILMA
u(t):min{max{o, (epTM + dDL2, + El 1},Umax}.

w

4. Numerical results and discussions

In this section, we present some numerical results to support the analytical results presented in Sections 2 (2.2, 2.3, 2.4.
2.5) and 3. For the numerical simulations, we use a forward-backward sweep iterative scheme [33]. The initial population
levels were assumed as follows: M(0) = 15, L(0) = 500, A(0) = 100, and Z(0) = 50. All simulation of the model (2) was
done using the baseline values for model parameters presented in Table 1 obtained from different literature.

Before investigating the effects of time-dependent farming awareness on minimizing or eradicating FAW in the maize
field, we first simulate the model system (2) with constant awareness campaigns u. From the simulation in Fig. 2, we can
observe that at this level of farming awareness (u = 0.1), the maize biomass will increase from the start and converge to
35 biomass per plant which is less than the expected 50 biomass per plant. This suggests that while farming awareness
may minimize the effects of FAW on maize biomass, to some extent it cannot be highly effective towards achieving the
expected biomass per plant. However, in Fig. 3 we can observe that if u = 0.7, then the level of maize biomass converges
to the expected level even at different fractional order values. Thus, as the awareness level increases to levels close to
100% (u = 1), the FAW population decreases significantly and the final maize biomass reaches expected levels.

Next, we investigate the effects of time-dependent awareness campaigns u(t) on minimizing the damage on maize
biomass by FAW. Without loss of generality, we set ¢ = 0.9 and u(t) = 0.03 per day with an upper bound of umax = 1.
The simulation results are presented in Fig. 4.

From the results in Fig. 4, one can note that in the presence of time-dependent farming awareness, the FAW population
(larvae and moth) decreases remarkably compared to when there is no time dependent farming awareness. We also note

14
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Fig. 2. Simulation results of model (2) with constant farming awareness u = 0.1 and different fractional order values.
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Fig. 3. Simulation results of model (2) with constant farming awareness u = 0.7 and different fractional order values.
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Fig. 4. Simulation results of model (2) with time-dependent constant farming awareness 0 < u(t) < 1, ¢ =0.9 and W = 10.

Table 1

Model parameters and their baseline values.
Symbol Definition Baseline value Source
by Growth rate of larva 1/14 day~! [34]
o ! Average development time of the larva 30 Days [34]
;L;l Average moth life span 21 Days [34]
Ky Maximum biomass of maize plants 50 plant™! [35].
K Egg environmental carrying capacity 108 [35].
I Natural mortality rate of larva 0.01 Day™’ [35].
r Growth rate of maize plants 0.05 Day~! [35].
e Efficiency of biomass conversion 0.2 [35].
B Plant attack rate by larvae 5 x 10~ Day™! [36].
o Consumption rate of larva by predators 5 x 107> Day~! [37].
P Conversion rate of prey to predator 0.1 Day™! [38].
d Mortality of FAW due to intervention strategies 0.01 Day™’ [37].
n~! Average life span of predator 100 Days [39].

that a significant decrease of the FAW larvae in the presence of optimal farming awareness will also lead to a slight
decrease of the predator population over time. The results also show that in the presence of optimal farming awareness,
the final maize biomass will be within the expected level. However, in the absence of optimal farming awareness the final
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Fig. 5. Simulation results of model (2) at low maximum intensity umax = 0.5, with ¢ = 0.9 and W = 100.

biomass level will always be less than the expected final biomass. In addition, one can observe that the optimal control
profile (Fig. 4(d)) starts at umax = 1 and remains there for the greater part of time horizon (0 < t < 195 days) till it
drops close to the final period. This suggests that for one to attain the outcomes in Fig. 4, optimal farming awareness
efforts need to be maintained at their maximum intensity for the greater part of the time horizon and thereafter ceased
gradually till the final time.

The simulation results in Fig. 5 show the impact of the upper bound of the control variable umax on model solutions.
Here, we set umax = 0.5. We can note that in this scenario, the optimal efforts will need to be maintained at their
maximum intensity throughout the entire time horizon in order for the final maize biomass to be within the expected
level.

The simulation results in Fig. 6 show that the impact of the costs on the implementation of optimal farming awareness.
Here we set W = 1000. We note that when the costs of implementing farming awareness are high, the control profile
for u(t) does not start at its maximum, umax = 1, but begins on u(t) = 0.8, followed by a gradual decrease before it
stabilizes at u(t) = 0.4 after approximately 40 days from the start. The control profile stays at u(t) = 0.4 till the 150th
day after which it increases slightly to u(t) = 0.5 and immediately drops gradually to its minimum until the final time
horizon. Although the pattern of the control profile is complex, one can deduce that optimum results can be attained
if the intensity of the control u(t) is maintained between 0.4 and 0.5 (0.4 < u(t) < 0.5) for a greater part of the time
horizon.
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Fig. 6. Simulation results of model (2) at high cost of implementation, W = 1000, 0 < u(t) < 1, and ¢ = 0.9.

5. Concluding remarks

We have formulated a fractional-order model that incorporates naturally beneficial insects and optimal farming
awareness. Dynamical analysis of the proposed model revealed that it has six equilibrium points which are all locally
and globally asymptotically stable if the conditions outlined in Lemmas 2.1 and 2.2 are met. The simulation results for
the model with constant awareness campaigns u, showed that u = 0.7 may lead to the achievement of the expected maize
biomass at the end of the season (that is t = 160 days) for fractional-order values ¢ = 0.7, 0.8, 0.9. However for ¢ = 1.0,
the final maize biomass at this level of awareness will be slightly less than the expected. For time-dependent farming
awareness, we observed that the expected maize biomass can be attained if the costs of implementing the strategy are
low. In addition, we observed that if the intensity of implementing is low, then the efforts can be carried out at their
maximum intensity throughout the time horizon but when costs are high, the control profile for u(t) does not start at
its maximum, umax = 1, rather at u(t) = 0.8 followed by a gradual decrease before it stabilizes at u(t) = 0.4 after
approximately 40 days from the start. Although this study is not exhaustive, it has illustrated the value of optimal control
theory as tool to suggest effective management strategies during FAW outbreaks. In future, we will explore the effects of
temperature and seasonal variation, migration of the moth and include the parameter of continuous replanting of maize
crops on the dynamics of FAW and its implications on maize biomass.
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