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Abstract: Arid and semi-arid environments are characterized by highly variable and unpre-
dictable rainfall patterns, which significantly affect the structure and function of natural
ecosystems. Understanding the interconnected relationship between climate variability,
forage availability, and livestock dynamics in these regions is crucial to ensure sustainable
management. This study provides novel insights into the effects of rainfall variability on
natural forage resources and livestock populations in Botswana. In this arid region, tradi-
tional livestock farming remains a key economic and food security pillar. By employing
a mathematical model based on plant-herbivore interactions, this article quantitatively
evaluates the impact of changes in rainfall timing and intensity on forage biomass and,
subsequently, livestock populations. A robust analysis of critical threshold values for
ecosystem sustainability is possible when real-world climate data are incorporated. This
study examines the effects of harvesting and rainfall variability on livestock dynamics
across different locations in Botswana. Delayed rainfall leads to a sharp decline in livestock,
while Sehitlwa sees biomass loss without a notable reduction in herd size. In Kgagodi, for
example, livestock numbers decline by 37% without harvesting, but they remain stable
with controlled harvesting. Conversely, Letlhakeng experiences a 6% increase in livestock
numbers despite delayed rainfall, which results in a biomass decline. Both Mabutsane
and Letlhakeng maintain stable livestock numbers. The findings confirm that early and
intense rainfall enhances livestock productivity, while delayed or reduced rainfall leads to
population decline, aligning with observed trends in historical data. Additionally, the study
underscores the potential of adaptive livestock harvesting strategies as a viable approach
to mitigating climate-related risks in grazing systems. As this work integrates theoretical
modeling with empirical climate data, it contributes to understanding arid land dynamics,
providing a predictive method for assessing ecosystem responses to climate variability.
These insights are invaluable for policymakers, conservationists, and local farmers seeking
sustainable livestock management practices in the face of changing climatic conditions.
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1. Introduction

Livestock, which refers to domesticated animals raised for various purposes, is a
global resource for both developing and industrialized societies [1-3]. They provide
multiple benefits that include food, clothing, fuel, nutrient cycling for soils, income, and
employment [4,5]. Due to their great benefit, they become the largest users of land and
biomass globally [6]. They occupy one-third of the global ice-free terrestrial land surface [6].
This is because producing feed crops and grazing pastures for livestock requires substantial
amounts of land. On the other hand, the demand for agricultural products (plant and
livestock-based) is expected to increase with the expected increase of the world population
to 9.7 billion in 2050 and 10.9 billion in 2100 [7]. In other words, in the 21st century,
agriculture will have to scale up to feed a human population that is expected to increase by
30% in 2050 [7]. However, this cannot happen at the expense of animal welfare, an increase
in the environmental footprint, or even at a higher cost, which would limit market access
for developing countries. Therefore, it is imperative to optimize the whole food chain to
overcome these challenges.

In arid and semi-arid regions like Botswana, livestock production is central to rural
livelihoods [8], with cattle, goats, and sheep serving as the primary sources of income
and food security. The productivity of these livestock populations is deeply tied to the
availability of natural forage [9], such as grasses and shrubs, which in turn are directly
influenced by rainfall patterns [10,11]. In Botswana, where rainfall is highly variable [12],
both in timing and intensity, even slight deviations in rainfall patterns can lead to periods of
forage scarcity, negatively affecting livestock health, reproduction, and overall population
dynamics [11,12]. Traditional farmers in Botswana, who rely heavily on rainfall as an
indicator of forage availability, are particularly vulnerable to these changes.

Unlike modern scientific methods that incorporate factors such as soil moisture to
predict forage growth and livestock harvest [13], traditional livestock farmers [14] base their
decision-making primarily on their understanding of rainfall patterns and duration [8,15].
While valuable for its historical and practical basis, this reliance on rainfall observation
may leave these communities less equipped to handle the growing uncertainties brought
about by climate variability. As rainfall becomes increasingly unpredictable due to cli-
mate change [16,17], there is a pressing need to understand better how these changes
impact natural forage availability so that traditional farmers can enhance their livestock
management practices.

Changes in rainfall intensity and timing have a direct impact on the availability
of forage, which subsequently influences livestock productivity and the long-term sus-
tainability of rangelands. Understanding these interactions is crucial for developing
adaptive management strategies that improve livestock resilience amid changing climatic
conditions. Several studies have examined the relationship between rainfall and forage
production [17-20]. For example, Giridhar et al. [21] found that, in the coming decades,
crops and forage plants will be increasingly affected by rising temperatures, elevated
carbon dioxide, and wildly fluctuating water availability due to changing precipitation
patterns. Similarly, Cain et al. [22] reported that forage conditions (quantity and quality)
in arid and semi-arid regions are influenced by unpredictable spatial and temporal patterns
in rainfall.

Research further illustrates how fluctuations in rainfall directly affect livestock pro-
ductivity [10,11,19,21,23,24]. For example, Baumgard et al. [23] indicated that years of
low rainfall correlate with decreased weight gain of livestock and higher mortality rates.
In contrast, Kgosikoma and Batisani [10] and Kassa et al. [17] emphasize that practices
such as supplementation, mobility, and harvesting, respectively, can mitigate these effects
by optimizing forage use during both wet and dry seasons.
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Previous studies also examined the relationship between soil moisture and forage
availability in Botswana [13,17]. However, this approach may not fully align with the
practices and realities of traditional livestock farmers. These farmers primarily rely on
their intuition and historical knowledge of rainfall patterns and duration to manage their
livestock rather than scientific indicators such as soil moisture levels. Additionally, tradi-
tional farmers in Botswana often lack access to advanced climate data or technologies [17],
and their management decisions are based more on observations of rainfall than on an
understanding of how water infiltrates and is stored in the soil.

While some of the studies reviewed link rainfall to forage biomass and livestock
productivity, they often lack an integrated quantitative approach that considers both the
intensity and timing of rainfall events in shaping forage production and livestock dynamics.
The existing mathematical models for plant-animal interaction have limitations, as they
fail to capture the effect of rainfall variability (both in the timing and intensity) on livestock
production. However, this issue can significantly impact agricultural planning and the
livelihood of traditional farmers, more especially in arid and semi-arid environments.
This study employs a mathematical model to assess how variations in rainfall influence
natural forage availability and livestock populations over time. By incorporating spatial
and temporal rainfall variability, the model provides insights into optimal grazing and
livestock management strategies for climate adaptation.

This manuscript is structured into four sections, not counting the references.
In Section 2, we briefly describe the materials and methods: the study area and the formu-
lation and analysis of the mathematical model. Section 3 presents the findings derived from
numerical simulations, followed by an in-depth discussion of these results. The manuscript
concludes with a set of recommendations outlined in Section 4.

2. Materials and Methods
2.1. Study Area

Botswana (18-27° S; 20-29° E) is a large semi-arid country with a small population of
about 2,379,000 [25], and it covers an area of approximately 581,730 square kilometers [26].
Botswana is landlocked by Namibia to the west and north (the Caprivi Strip), Zambia and
Zimbabwe to the north-west, and South Africa to the south—east and south.

According to the Center for Applied Research of Botswana [27], the country has a
mean altitude of 3300 feet (1000 m) and is primarily comprised of a sand-filled basin
with gently undulating plains that rise to highlands in neighboring countries. The highest
point is 4888 feet (1490 m) in the hills north of Lobatse in southeastern Botswana, while the
lowest point is 2170 feet (660 m) at the country’s easternmost point in the Limpopo Valley.
Rainfall in the country is generally low, ranging from 250 mm per annum in the southwest
to an annual mean of 650 mm in the northern regions.

The country is divided into four main environmental regions, as shown in Figure 1.
The hardveld region features rocky hill ranges and areas with shallow sand cover in eastern
Botswana. The sandveld region consists of deep Kalahari sand found in the western part of
the country. Additionally, there are the Mopane savanna and wetlands regions.

Most of the agricultural production in Botswana is from livestock agriculture [28],
with traditional livestock-keeping activities dominating commercial production, covering
approximately 60 percent of the country’s land [29]. However, this traditional animal
production system is based on a rain-fed agricultural setting, which faces significant
challenges due to a lack of moisture.
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Figure 1. Sites location on a map of Botswana with different environmental vegetation taken from [26].

For our study, we selected four locations: Mabutsane, Sehitlwa, Letlhakeng, and
Kgagodi, each situated in distinct vegetative regions, as shown in Figure 1. These areas
represent different soil types and different types of vegetation. Mabutsane represents the
semi-desert region (sandveld), Kgagodi exemplifies the Mopane savanna area (hardveld),
Letlhakeng lies in a transitional zone between hardveld and sandveld, and Sehitlwa is
characterized as a swamp or wetland area.

2.2. Model Formulation and Description

To formulate a mathematical model for the interaction between plants and livestock in
the given spatial area, we used the classical predator—prey structure as a base model with
logistic growth dynamics for plant biomass. By employing the process-based modeling
approach, the plant growth rate is assumed to depend on the seasonal effects of the
environment as well as the actual precipitation.

In this section, we proceed to the construction of a mathematical model for the
plant-livestock interaction dynamics in order to estimate the potential livestock production
in Botswana supported by natural forage in climate variation. The basic mathematical
system we consider is the classical Lotka—Volterra type model in the version presented by
Asfaw et al. [9,16,30]. We assume that the following hypothesis holds for our model.

1.  Livestock depend on the availability of food to reproduce. Their nutrients are mostly
found on natural forage if they are not given supplementary feeds [31].

2. There is a relationship between seasonal variation of rainfall and plant growth. There
is a significant season-to-season variability in rainfall amount and distribution [32].
Within the semi-arid forests, there may be little seasonal rhythm in the growth and
development of vegetation as a whole. Summer, spring, and autumn are seasons
experiencing rainfall; particularly, the summer season is known for extreme rainfall
and is well distributed in most parts of the country [12]. A season varies from three to
four months. More vegetative growth starts around spring, and flourishing occurs
mid-spring up to autumn. In winter, there is no vegetation growth because of no
rainfall and extreme cold temperature variation.

Assume that the state variables for the model system are given by the plant biomass
represented by P and the livestock density represented by L. Then, using the above
assumptions, the dynamics of the system at any time ¢ > 0 can be written as:



Appl. Sci. 2025, 15,3918 50f 24
dpP P
o= r(t)P(l - K) — LF(P) 1)
dL
o = LIcF(P) —d -] @

P(0) > 0,L(0) >0,

where the values K, c, j1, and d are positive constants, with K representing the environmental

carrying capacity for plant biomass, c is the conversion rate of the consumed plant into
livestock, u is the off-take rate, and d is the mean natural death rate for livestock. We take

these parameters as constant because the effect of rainfall in them is very insignificant to the
level that it can be ignored. r(t) is the rainfall-dependent plant growth rate, and F(P) is the
functional response of consumption of plants by livestock through grazing and browsing.

Now we give descriptions of important parameters used in the model and

their assumptions.

A constant per-capita death rate of livestock (d):, It is assumed in this study that the
mean death rate of livestock is constant as used in [33]. However, some authors [9,16]
consider a non-constant or plant-dependent death rate with the assumption that
livestock die off exponentially in the absence of plants. If livestock eat more, they will
be less likely to die from starvation or from the consequences of weakness brought
by hunger.

Harvest rate, p: This is considered a constant, and it represents the human interference
in the system by removing livestock from the system at a constant rate. It is the
removal of animals through consumption and/or selling.

Functional response function, F(P): This is the intake rate of the livestock as a
function of plant biomass. It is also associated with the reproduction rate of livestock
as a function of plant biomass. In this work, we consider the Holling type II function,
F(P) = lfTPPf as described in [9,16].

Plant growth rate function, r(f): The amount and distribution of rainfall have a strong
impact on the development of plants. A certain minimal amount of moisture is needed
to activate seed germination and reproduction. That is, they become abundantly green
and grow during the rainy season, and they die out or do not grow during droughts.
The rate or amount in which rain is received at a time could be too much or too low
for the environment. Too much water injures plants, compacts soils, and leads to soil
erosion [34]. Root loss occurs when excess water reduces oxygen in the soil. Extreme
summer rain can leach nitrogen out of the soil. Excessive rainfall is not necessarily
useful or desirable at all times. Some of it is unavoidably wasted, while some may
cause destruction [34]. If the average rainfall is much lower than the ‘ideal” amount
needed, it could lead to the dying of plants and grasses [35]. Most grasses in Botswana
are seasonal; that is, they grow in summer during the rainy season and become dry
and die out during the winter season when rainfall reduces or is not at all.
Therefore, in this paper, we consider rainfall to be a factor that affects plant growth
rate. The plant growth in this study refers to the increase in plant biomass that is
edible by the livestock, and we represent this information by the model below for r(t):

%zé(COS(WH-%))n-F <A<W> —ﬁ)n 3)

where A is a given constant, and f is the value that takes the effects of soil type and
soil texture on the growth rate. R(t) represents daily rainfall data, R is the mean of
rainfall data, o represents the standard deviation from R(¢) while J, 8 € [0, 1]. We also
assume that R(t) is w-periodic, with w = 365 days (or 1 year).
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* Sinusoidal response term: The term J(cos (wt + Z))" represents the rate of plant
growth at the beginning of the spring season. Plants are structurally smart and
can sense their environments changing, and those changes signal them to start to
grow again. For example, when plants experience a number of warm days, they are
prompted to start growing again. Buds begin to appear on trees. Glucose that was
produced during photosynthesis and stored in the roots will provide plants with
energy and food for budding. The delay of rain will make plants finish stored glucose
and begin to die [36].

*  Soil structure, Sr: This term represents the physical characteristics of soil in reducing
the growth of plants. According to Passioura [37], roots grow most rapidly in very
friable soil, but their uptake of water and nutrients may be limited by inadequate
contact with the solid and liquid phases of the soil.

With the above modifications, the model system that we study, therefore, takes the
following form:

apr P a

dt_rmP(L_K)_b+PLP

dL a

dt—LPb+de4 4)
dr Ty R(t)—R

== 5(cos (wt + g)) —|—Ar(a> pr,

where the plant growth rate function (3) is included in the system to obtain a non-
autonomous ordinary differential equations.

2.3. Mathematical Analysis

It is biologically relevant to assume that all parameters in Model system (4) are positive
since they represent rates. Regarding the growth rate function (), we assume that R(t) in
r(t) is a positively w-periodic continuous function. This assumption is a natural way to
introduce seasonality in these types of models. Given a continuous w-periodic function
R(t) > 0. We use notation RM and R™ for maximum and minimum rainfall, respectively,
represented by

RM = max R(t) and R” = min R(t).
te[0,) te[0,w)
That is, our w-periodic function cannot be negative, and the maximum cannot be infinity.
According to Botswana Environmental statistics [25], the maximum amount of rainfall
in Botswana is around 650 mm per year. Therefore, we bound the rainfall amount so
that it will not exceed the maximum amount. We assume that the parameters A and j

satisfy % > RM(;K.

2.3.1. Well-Posedness of Model

Model (4) is a nonlinear system of non-autonomous differential equations. We rely on
the numerical methods to obtain a solution. We want to determine whether the solution
r(t) remains bounded for all values of t. Boundedness means the value of r(t) does not
become infinitely large or negative as t varies.

Equation (3) is a linear first-order non-autonomous differential equation, which can be
written as

dr
=90~ &), ©
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where ¢ = d(cos(wt+ %))" and { =
r(0) > 0,Vt > 0.
If we solve (5) using an integration factor, then our unique solution becomes

() = (e (BEO) 4 [Mgquer (HE04) gy
> 0 for r(0) >0, and t > 0. (6)

<ﬁ - A (W)), with initial conditions

Since &(t) < &M =25 and ¢(t) > ¢" = p— A(RE

) the integral in (6) implies

iy, M " M
r(t) < r(0)e " 4 (P—m(l — e ")) < max {r( ), o } Vit > 0.

Then we obtain

r(t) < max{ (0), g:} @)

Thus, we have the following two lemmas.

Lemma 1. Equation (5) is a linear dynamical system in the following compact interval, which
exhibits an attractive nature

g—{r€R+|0<r<iM}

Lemma 2. Equation (3) admits a unique non-negative w-periodic solution r*(t) > 0, which is
globally attractive in R, and is given by

o= Jo p(s)ds Iy g’f(v)efvw $(s)ds g '
* _ — [, ¢(s)ds Iy #(s)ds
r*(t) 1— e Jo #s)ds +e Jo </0 E(v)elo dv) >0. (8)

Once Equation (3) is separately solved, as explained above, we incorporate its so-

lution where appropriate in the remaining equations of the model (4). Since r*(t) > 0
is globally attractive in R, the system (4) is asymptotically equivalent to the following
non-autonomous differential equation system:

ap . P a
dL

such that P(0) > 0 and L(0) > 0. For all state variables P(t) and L(t), we should ensure
that for all positive times, these state variables must be non-negative for each solution

©)

of the system starting with P(0) > 0 and L(0) > 0. This is equivalent to saying that the
(P,L) € Ry : P >0,L > 0} is positively invariant. We denote by
R} the non-negative quadrant and by int(R;) the positive quadrant.

positive quadrant Ry =

Lemma 3. (Positivity). All solutions of system (9), starting in int(R3), remain positive.

Proof. From the first equation of system (9), we obtain

B(t) = P(0)el ("OPI-K]-sipiP)és . p(py >0, (10)
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From the second equation of the system (4), and using (10), we obtain

L(t) = L)l b (GE=d-w) s} 1y >0 (11)

If P(0) = 0 then P(t) = 0 and L(t) = 0. That is, if there is no plant, the livestock
population will be extinct. If L(0) = 0, then L(t) = 0 for all > 0, and then the plant
population obeys the logistic growth rate law for r(t). Clearly, exponential functions are
always positive. Therefore, if P(0) > 0 and L(0) > 0, we have the whole dynamics
ranging within the first quadrant, that is, P(t) > 0 and L(t) > 0. This is obvious from the
system (4) using the Cauchy-Lipschitz theorem (can be found in Theorem 2.2 in [38] or
Theorem 2.1 in [39]), as the P-axis and the L-axis are orbits; the positive quadrant int(R; )
is positively invariant. [

We can also verify the outcomes of Lemma 3 through numerical techniques. Figure 2
illustrates the phase portrait diagram of model system (9) using the parameter values listed
in Table 1, along with initial population values of P(0) = 8000 and L(0) = 500.

Table 1. Initial values of the variables and parameter values used for simulations.

Parameter Units Values Description Source
P(0) kg/km? 500 Initial plant population [13]
L(0) kg/km? 8000 Initial livestock population [13]
r(0) kg/day 0.45 Initial plant growth rate assumed

K kg/km? 1000 Carrying capacity [13]
a kg per km? per day per head  2.5% of body weight Feeding rate [13]
b kg/km? 160 Half-saturated constant of feeding of livestock [13]
d per day 0.005 Constant death rate Estimated
v kg per km? per day (4 x 544) /365 Harvest rate [13]
c 25 Efficiency of conversion Estimated
1 0.1 function amplitude Estimated
B per kg Soil texture Estimated
o litre per day variable Rainfall standard deviation Calculated
R litre per day variable Rainfall mean Calculated

The depicted graph in Figure 2 reveals a stable limit cycle within the system. It
indicates that regardless of the initial point within the trapping region, the system ultimately
converges to a solution on this orbit and is always positive.
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Figure 2. Phase portrait of model system (9).
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2.3.2. Boundedness

Lemma 4. For model system (4), let P = max{P(0),K} with n = %W. Let

L = max {cP(0) + L(0), %} Then, for any positive t > 0, we have P(t) < Pand L(t) < L.
Proof. The proof of Lemma 4 closely resembles that of Lemma 2.2 in [9], where a similar
argument is presented. Notably, modifications to the growth rate function r(t) do not alter
the essence of the proof. [

Theorem 1. The set on which the system (4) is defined, QO = {(P,L) €eR,:P>0L >

0,P < P,L < L} is positively invariant, where P = max {P(0),K} and L = max {cP(0) +
K(r* (t) +d+p)?

L(O)' 4r () (d+n) }

Proof. From the first equation of the model system (4), it is clear that if P = 0 then
‘fi—lz = 0. Moreover, from the second equation when L = 0 and P > 0, we have % = 0.
Therefore, we can conclude that the trajectory of the solution of the system is directed
inward on the boundary points of the positive quadrant, that is, on the set 9R} = {(P,L) €
Ry |P = 0,L = 0}. Hence, the conclusion of the theorem follows immediately from

Lemma 1 and 3 above. O

The above permanence of the system verifies that, for the model system (4), with the
given non-negative initial conditions, there exists a w-periodic solution to it that remains
in the domain for all t > 0, and the solution is globally attractive. Thus, the system is
mathematically and biologically well posed.

2.3.3. Coexistence Solution and Livestock-Free Solution

When the livestock population is always positive, that is, L > 0, from Equation (4)

the term
c aP(t)
b+ P(t)
represents the average rate of emergence of livestock and is an increasing function of P.
caP(t)
< d+ p, then

b+ P(t)
the rate of livestock mortality will always be higher than its emergence. Hence, the livestock

Similarly, the term d + p represents the rate of removal of livestock. If

population eventually will decay to extinction. Therefore, for the non-extinction of livestock,
we must always have a condition that

caP(t)
Thus, define Ry (t) = % to be a threshold function value for the system.

Since r*(t) is periodic, the solution P*(t) of (4) also becomes periodic and continuous,
and there exist P}, and Pj., such that Pf. < P*(t) < Pp., where P, and P

max max’/ max min

are solutions of Equation (9) corresponding to 7,,;;, and 7,2, which are constant values.
upr);\in aP* (t)
b S b S

Therefore, the livestock emergence rates in each case are related as

bfé,:x . On the other hand, Equation (12) becomes

caP*(t)
(b+P=(t))(d +n)

>1, (13)

using the solution P*(t) of (9), and we can find a critical threshold value that ensures the
stability of coexistence. Considering the provided estimates, our focus will be on examining
both the upper and lower bounds of R(t). We start with the upper system which, using
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the fact that, for all t > 0, b‘f;fi)t) < bfglﬁ; Then, the upper bound reproduction ratio is

obtained as follows:
caPk
RM — max 14
0= o P (d 4 1) (9

Our next step is to determine the lower bound for the threshold, which is obtained by

using the fact that, for all t > 0, bﬂ’nﬁn < b‘f;fz). Then, we define

caP*.
Ry = min__ 15
0= o+ P ) A+ ) (19

It should be noted that the interesting qualitative results obtained in this section are
due to the estimates of the complex threshold value. In this regard, the time-average basic
reproduction number, Ry, of the non-autonomous system (9) can be obtained by setting
the time-dependent w-periodic function P*(t) to its time average within the period w, as

(P*) = %/Ow P*(1)dt. (16)
In doing this, we have
_ 1 ca(P*)
%= () (60 ) )

Hence, we have the following theorem.

Theorem 2. The livestock basic reproduction number Ry of system (4) is bounded from below by
RI and from above by RY. That is Rl' < Ry < RM).

The reproduction ratio in Theorem 2 can be illustrated graphically, showing that each
of our four site areas exhibits distinct basic reproduction ratio values due to variations
in rainfall across these locations (Figure 3). The analysis of livestock population growth
rates as described by the threshold value, R, in these four site areas from 2020 to 2023
reveals a concerning downward trend (Figure 3), with critical periods observed around day
250 and day 650, which correspond to September 2020 and September 2021, respectively.
During these times, R values approached 1, indicating a heightened risk of livestock
population decline that is potentially linked to seasonal rainfall patterns [40]. This obser-
vation aligns with findings by Puoetsile et al. [41], who documented similar declines in
livestock data trends in the region. Forecasts made using Neural Network Autoregres-
sion (NNAR) models, as presented by Puoetsile et al. [41], and supported by historical
data [42], confirmed the persistence of this decline. The uniformity of this trend across all
studied areas highlights an urgent need for further investigation into contributing factors,
such as forage availability and environmental stressors, to develop adaptive strategies for
sustaining livestock populations.

Theorem 3. Suppose the model system (4) is given with a positive initial plant population
(P(0) > 0). If Ry <1, then as time goes on, the livestock population decays to zero, whereas
the plant population grows to the carrying capacity K of the environment.

Proof. Let us bound the values of % from above. To do this, we bound the livestock birth
rate from above. Since the maximum livestock emergence rate is bcj_—I}(, to bound this from
above for t > 0, we have P(t) bounded above by a function P; (t), which when P(0) > 0
has the property that P;(t) — K as t — oo. Hence, for any €; > 0 3 T; > 0 such that
P(t) < Pi(t) < K+¢, fort > Ty. Using Lemma 3, we have the relation
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caP < ca(K+eq)

for t > T f T; > 0.
b+P b+ (Ktey) or t > T; forsome T; >0

Moreover, from Lemma 3 and [43], we have P < K for t > Ty, implying that —1; _"TI;( for
all t > T;. Then, we can observe that

dL

a
— < - —d —
o <Lleg X el)(K+61) d—u (18)

Hence, for Rg < 1, (}fff( < d+ p), we may choose €1 small enough such that c;%5 b sP—d—p

is a negative constant, say —a (where « > 0). Then, we have L(t) < L;(t) for ¢t 2 T; where
L1(T1) = L(Ty) for t < Ty, and L is a solution of ‘%1 = —al;. Since L satisfies positivity
and is bounded above, then L1 (T;) = L(Tj) is a non-negative and finite. Hence L — 0
as t — oo, which implies that L(t) — 0 as t — oo, since 0 < L(t) < L¢(t) for t > Tj.
Finally, we shall show that P(t) — K ast — co. We choose any €; > 0. Then
there exists T, > 0 such that P(t) < K+ € for t > T,. Now, choose €, > 0 such that

€, < max{%, 57k }; since L(t) — 0 as t — oo, there exists T3 > 0 such that 0 < L(t) < &

for t > Tj. Using this and also positivity, we have {£5 < Zefg < aeyP, for t > T;. Then
from (9), we have dp > r*P(1—£) —ae;P = r*P(1 — %2 — ). We also know that P(T3)

is bounded and p051t1ve. Then P(f) > Po(t) for t > T3 where P,(T3) = P(T3) > 0 and P,

1 — B, Since by definition e; < I, then 1 — %2 > 0,

so that by solving explicitly for P,(t) we have d‘ﬂz =rP(1- 5% — %) which solves to

is a solution for dditz = r*Py(

a6 .

(ﬂgizpz) = A1e1= 7 )" for some constant A;. Now, as t — oo, since 1 — 2 >0, we
—F T

have (1 — %2 — B2y 5 0 orlimy 00 Py = K(1 — %2).

In particular, P, > K( a:;z) for t > T, for some Ty > T3. But by our choice for €3,

we have €; < r;TeI% Sothat1— 2%2 > 1 — . Hence P(t) > Py(t) > K(1— %) = K —¢;
for t > T,. Combining our observations and letting Ts = max{T,, T4}, we see that
K—e€1 < P(t) < K+ ¢y for t > Ts. Thus P(t) — Kast — oo, as required. [

200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
Time (days) Time (days)

(b) Letlhakeng

0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
Time (days) Time (days)

(c) Mabutsane (d) Sehitlwa

Figure 3. Figure showing the lower bound and upper bound of reproduction ratio with the value of
averaged reproduction ratio.
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Theorem 3 states that when the birth rate of livestock is lower than the mortality rate,
the number of livestock dying surpasses the number of newborns. Consequently, in the
long term, this circumstance leads to the growth of the plant population up to the maximum
capacity of the environment, while the livestock population eventually faces extinction.

The threshold condition establishes a relationship between the parameters of the
model system and the minimum and maximum values achievable by the variables within
the varying quantities. Simply put, it delineates the range of resources available and
subsequently determines the minimum and maximum number of possible livestock that the
system can sustain, facilitating the coexistence of both the plant and livestock populations
without risking extinction. To uphold this equilibrium, we have the option to either
introduce more livestock or reduce their numbers (via harvesting) within the system.

Note that P}, < P*(t) < P}, so that RY < Rg < RM. The threshold value, Ry,
helps us to specify the non-extinction condition for the livestock population and hence
can be considered as the effective reproduction number of the livestock population. That
means to guarantee coexistence of both populations, we need this ratio to be always greater
than unity, that is, Ry > 1.

. n
Theorem 4. Suppose that Rg > 1. For € > 0, ny > b+ P*, if P*(0) > (ECT’O’*“”) where
1 L*(0)

v = (W) [1+1n (5,7 )] is a positive constant then L*(t) —+ 0as t — oo.
Proof. Suppose L*(0) > d + p. Then, since d + n > 0, let us define € as a very small
positive number, 1y to be a sufficiently large number such that ng > b + Pj,,,, and also let

7= (o) [+ In (G50

2(d+n) d+p
—r*(t n .
Then, ecaye™" ()7 > 0. Let us choose P*(0) so that P*(0) > m When using the
equation for ”‘li—lz and Lemma 3, we have
dp
- 0,
i~

which implies that
P*(t) > P*(0)e~ "),

. * * . .
Now for € > 0, and because of the choice of 1y, we have bJI:W > 5—0 ; using our choice of

* np :
P*(0) > oarermy We obtain

—trx(t)
npe n
0 > 0

ecaf)/e*r*(th ecaf)/efr*(t)(’Y*t) '

P*(t) > P*(0)e " () >

Hence,

no
P*(t — fort > 1. 19
()>ecm ort >y (19)

Moreover, using the equation for % and Lemma 3 since € > 0, and ny > b+ Pi..,

Pr;a Pé\a h
X X
hJFPﬁknax > no we have
AP AP
b Péiax no

Then, using Equation (19) we obtain

dL S (ecaP;;aX

1
— —d—p|L" ——d—p|L*fort > 7. 2
dt no H) g <’r H) =T 20
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“(0)e (541t . “(0)e1-76@1) | Agai
But then L(t) > L*(0)e'\" for t > . Hence, L*(y) > L*(0)el*~7¥=W)_ Again from
the definition of -y, we can clearly see that

= 'y(d+u)—1<ln(

= L*(0)e7@FW) > (4 4 ).

Hence L*(y) > (d + p). This implies that the livestock population will not go to extinction,
thatis, L*(t) - O fort — c0. O

Theorem 4 tells us that coexistence is possible in our system, but it does not tell us
what happens to the size of the population as time goes on. The answer to this is found in
Theorem 3.3 from [9]. This can also be represented by simulation, as shown in Figure 4. This
figure delineates the range of resources (forage) available and subsequently determines the
minimum and maximum number of livestock that the system can sustain, facilitating the
coexistence of both the plant and livestock populations without risking extinction. This is
referred to as a stable limit cycle. To uphold this equilibrium, we have the option to either
introduce more livestock or reduce their numbers (via harvesting) within the system.

~
— Plant Biomass
—Livestock density

6000

A (o))
o o
o o
o o

Plant Biomass-
Livestock densities
I
o
o

2000 ‘ ‘ ; ; 2
0 50 100 150 200 250 300

Time t

Figure 4. Figure showing stable limit cycle of both plants and livestock population when parameter

values remain constant.

3. Numerical Simulations and Discussion
3.1. Parameter Values

In this section, we presented parameter values used for simulations, time series of the
model dynamics simulations for plant and livestock populations, sensitivity analysis, and
simulations for the spatial distribution of possible plant and livestock production.

The plant’s growth rate, r(t), is determined by multiple factors, including the quantity
of rainfall and soil properties such as texture, structure, and type. Rainfall data, denoted as
R(t), exhibits w-periodicity, and the time series data were retrieved from satellite observa-
tions. It’s essential to note that the estimation is derived from a single point assumed to be
representative of the entire grid cell within a given region.

Despite various scientific methods used for soil classification [44,45], scientists com-
monly employ terms such as sandy, clay, and loam to characterize soil, primarily focusing
on its texture. Soil texture is determined by the sizes of mineral particles it contains.
The proportion of these particle sizes influences the volume of pore space within the soil,
affecting its capacity to retain air and water. Finer soil particles tend to compact more when
moist, resulting in the stickiness often associated with clay soils. On the contrary, sandy
soils, composed of larger particles, tend to drain water rapidly, hindering healthy plant



Appl. Sci. 2025, 15,3918

14 of 24

growth and typically containing fewer nutrients. However, they are easier to cultivate.
To address these distinctions, we aim to select a value for the variable § that approximates
nearly O for clay soils while approaching 1 for loam soils.

The assumptions we took for the rest of the parameters are summarized in Table 1.

3.1.1. Effects of Change in Rainfall Intensity in Botswana

This study examines the effects of rainfall patterns in Botswana, with a focus on four
distinct types of vegetation cover, shown in (Figure 1). Our analysis involves varying the
intensity of rainfall data collected from 2008 to 2023.

It should be noted that an increase in the intensity of rainfall generally benefits both
plant and livestock populations in a plant-livestock ecosystem. For plants, the additional
rainwater availability enhances growth in biomass production and reproductive success,
leading to a higher plant population density. This abundance of plant resources, in turn,
provides livestock with more food, improving their survival rates, health, and reproductive
success. An increase in rainfall intensity also makes water available for livestock to drink.
Consequently, the livestock population is likely to increase in number due to the ample
food supply and water available. In such a case, farmers are able to have more harvest
from their animals. In contrast, a reduction in rainfall intensity results in detrimental effects
on the ecosystem. Decreased rainfall diminishes soil moisture and groundwater, leading
to stunted plant growth and forage scarcity. These conditions can significantly impair
livestock populations by limiting both their food and drinking water availability, ultimately
compromising their health and reproductive potential. Through this investigation, we aim
to contribute to a comprehensive understanding of how fluctuations in rainfall patterns
impact the intricate balance of the plant-livestock ecosystem in Botswana.

Figure 5 reveals a clear relationship between rainfall intensity, livestock population,
and plant biomass. When rainfall intensity is decreased on average by 10%, the total number
of livestock in the region remains mostly below 2000. During this scenario, there are only
six instances where plant biomass drops below 2000 units. These occurrences coincide
with periods where livestock units hover around 2000, indicating a balance between the
availability of forage and livestock population under reduced rainfall. Figure 5 also shows
that when rainfall intensity is increased by 10% on average, we observe a significant rise
in livestock units, which exceeds 2000 for the majority of the time. However, around the
3000-day mark, the livestock population temporarily dips below 2000 units. This suggests
that the increase in rainfall supports higher livestock populations, although it may not
sustain them uniformly over time. In Kgagodi, Figure 6 demonstrates the dynamics of the
livestock-plant system, revealing a distinct limit cycle that captures the interdependence
between plant biomass and livestock populations. This pattern is consistent throughout
Figure 6, with the exception of a disruption observed around day 5000. When rainfall
intensity is increased by 10%, we observe a noticeable growth in livestock populations in
Kgagodi (Figure 6b). The increase in rainfall enhances plant biomass availability, allowing
livestock to sustain higher population levels. This result underscores the critical role of
rainfall intensity in determining the carrying capacity of the ecosystem.

In Sehitlwa Figure 7, the livestock population exhibits a general downward trend
starting just after 1000 days, a pattern observed regardless of whether rainfall intensity is
increased or decreased. This indicates that other factors, such as competition for resources
or natural population dynamics, may contribute to this decline over time.
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Figure 5. Plant-livestock population dynamics in Letlhakeng when rainfall intensity is (a) decreased
by 10%, (b) increased by 10%, and (c) at baseline.
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Figure 6. Plant-livestock population dynamics in Kgagodi when rainfall intensity is (a) decreased by
10%, (b) increased by 10%, and (c) at baseline.

As depicted in Figure 7, an increase in rainfall intensity by 10% correlates with a

significant rise in the average livestock population, approaching a mean of approximately
4000 units of animals. This growth highlights the beneficial impact of enhanced rainfall on
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both forage availability and livestock productivity. Additionally, vegetation thrives under
increased rainfall intensity, supporting the livestock population and providing farmers
with ample opportunities for sustainable harvesting. Despite the challenges associated with
being situated in a designated red zone area, as noted by [8], farmers still keep livestock in
high numbers. The combination of a favorable rainy season and the inflow of water into
the Okavango Delta from Angola plays a critical role in maintaining elevated livestock
populations in this region, as illustrated in Figure 7, as compared with other areas in the
country. Despite the effects of wild animals and floods that usually come around June and
August, the land recovers or re-germinates quickly up to its carrying capacity. In Mabutsane,
livestock population dynamics are strongly influenced by rainfall intensity (Figure 8). When
rainfall intensity decreases, as shown in Figure 8a, livestock numbers predominantly remain
below 2000 units. This highlights the region’s vulnerability to reduced rainfall, as lower
precipitation directly impacts vegetation growth, thereby limiting the forage available to
sustain larger herds.

Conversely, as illustrated in Figure 8b, when rainfall intensity is increased by 10%,
the livestock population grows significantly, reaching over 4000 units in the later years
of the 15-year study period. This increase demonstrates how enhanced rainfall positively
impacts forage availability, supporting larger livestock numbers over time. The gradual rise
in livestock numbers with increased rainfall also indicates that the ecosystem in Mabutsane
has a strong capacity to adapt and expand its carrying capacity under favorable conditions.

10% decrease in rainfall 10% increase in rainfall
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Figure 7. Plant-livestock population dynamics in Sehitlwa when rainfall intensity is (a) decreased by
10%, (b) increased by 10%, and (c) at baseline.
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Figure 8. Plant-livestock population dynamics in Mabutsane when rainfall intensity is (a) decreased
by 10%, (b) increased by 10%, and (c) at baseline.

3.1.2. Effects of Rainfall Timing in Different Regions of Botswana

In semi-arid areas like Botswana, the rainfall timing significantly affects both plants
(forage) and livestock. Timing affects the overall output or harvest of livestock and land
vegetation. When considering rainfall timing, it is important to note that the total duration
of the rainy season is assumed to remain unchanged in both scenarios (late onset and
early onset of the rainy season). For the late onset of the rainy season, seeds may not
germinate on time, and existing plants may experience stunted growth or die because of
delayed rainfall or a prolonged dry environment [46,47]. This delay in rainfall will lead to
a reduction in biomass production, resulting in less food and water available for livestock.
These effects on livestock may cause weight loss, decreased milk production, and increased
susceptibility to diseases (see [10] and references therein). Additionally, the reduction in
forage availability can disturb reproductive cycles, delay breeding, and reduce birth rates.
Moreover, when rainfall occurs later than anticipated, specifically 30 days beyond the
expected onset, it adversely affects grass growth, leading to stunted growth and reduced
biomass, which ultimately results in a temporary shortage of forage. During such periods
of delayed rainfall, farmers can start to rely on stored feed or reduce herd sizes to match
the available resources [10,48]. This is shown in Figure 9a by a drop in livestock number
at day 200. This shows that while some cattle may die, some farmers will start to reduce
the number of their livestock to match the available feed. Additionally, others have to start
livestock mobility [10], hence reducing the number of livestock. Figure 9 shows that after
some time, rain will come, which makes grasses grow again, hence improving reproduction
success and leading to higher birth rates and healthier offspring. Consequently, the number
of livestock starts to grow again.

On the other hand, when rainfall arrives 30 days earlier than expected, the dry period
between the previous and current wet seasons will be short, thereby allowing the plant
biomass to recover early. This early rainfall also replenishes soil moisture, supporting the
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growth of deep-rooted plants and making them more resilient to drought stress later in the
season. Additionally, the quality of forage is often enhanced, leading to better livestock
health, weight gain, and productivity. When rainfall comes early, it reduces the risk of
water stress and allows grasses to establish themselves with adequate moisture, providing
consistent, high-quality forage for livestock. As a result, livestock benefit from improved
nutrition, leading to better overall health, weight gain, and milk production. At the same
time, farmers can reduce the need for supplemental feeding, saving costs and resources.

The effects of both delay and early onset of rainfall, as described above, are shown
in Figure 9 for each of the four data points and are compared with the baseline value.
As observed in Figure 9a,c, there is a significant effect on the livestock population when
rain comes early or is delayed as compared with Figure 9b,d. In Figure 9a,c, when rain
comes early, the density of livestock reacts well with it, which means their density increases.
However, unless it is well managed, this will result in overgrazing in the area, and the
livestock population will eventually decrease significantly. That means the advantage will
be lost, as can be observed in Figure 9a. On the other hand, when the onset of rainfall is
delayed, livestock will not have enough food, which ends up leading to a decrease in the
livestock population.
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Figure 9. Figure showing effect of rainfall timing in (a) Kgagodi, (b) Letlhakeng, (c) Mabutsane,
and (d) Sehitlwa. The rainfall time is when the rain comes at the expected time; the case is when rain
is delayed by 30 days, and lastly, when the rain comes 30 days early.

3.1.3. Effect of Harvest Rate (1)

In this section, we examine the effect of varying livestock harvest (takeoff) rates in
a model where all other parameters are kept constant. Our goal is to understand how
the onset of rainfall affects livestock, enabling us to encourage farmers to harvest their
livestock strategically to avoid losses due to food shortages, water shortages, and diseases,
which are heavily influenced by the timing of rainfall. We analyze how delays or early
onset of rainfall impact plant biomass, the primary food source for livestock. This analysis
aims to help farmers minimize losses from drought or overgrazing, which are prevalent
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issues caused by unpredictable rainfall patterns. Such variability in rainfall often results in
farmers losing a significant portion of their livestock.

In our model, we assume a threshold of 2000 units of livestock across four regions.
When livestock numbers reach or exceed this threshold, farmers are advised to start
changing their harvesting strategy. We use a base harvest rate of jig = 3.2/365, suggesting
thatin a 4 x 4 km grid with 500 animals, farmers should harvest at least 32 cattle equivalent
livestock over ten years. We maintain consistent initial numbers of livestock and biomass
across all four regions while testing various harvest rates: p = 3.2/365, 3 = 0.2/365,
up = 0.4/365, and pz = 0.8/365.

Analyzing the results presented in Figure 10, we observe the effect of an increasing
harvest rate when rainfall occurs at the anticipated time, typically at the onset of the spring
season in Botswana. Notably, the regions of Sehitlwa, Letlhakeng, and Mabutsane show
similar trends in biomass retention. However, Kgagodi’s pattern differs significantly due
to lower rainfall levels recorded in 2020, which adversely impact vegetation growth and,
thus, livestock sustainability. In Kgagodi, without a harvest rate adjustment, plant biomass
is severely affected, especially between days 200 and 250. However, increasing the harvest
rate in this region mitigates plant depletion, indicating that by reducing livestock numbers,
the remaining animals can be supported by the region’s available resources.

In Kgagodi, where the timing of rainfall has no significant effect, the maximum
livestock capacity is around 3000 units. This capacity can only be maintained for a limited
duration; if livestock numbers are not carefully managed, there will be a rapid decline.
In contrast, other regions are capable of sustaining more than 3000 units for extended
periods. Increasing the harvest rate aligns Kgagodi’s biomass patterns more closely with
the other regions, indicating that reducing livestock numbers brings them to a sustainable
level for the area. This adjustment reduces plant depletion and overgrazing, allowing
vegetation to recover and stabilize.
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Figure 10. Figure showing effect of increasing harvest rate when there is no variations in
rainfall pattern.

During the late onset of the rainy season, as depicted in Figure 11, livestock in Kgagodi
barely reach the 3000-mark, and without harvesting, numbers may drop below 1000. In other
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regions, livestock levels remain more stable due to sufficient food and water, even with late
rains. Increasing the harvest rate in Kgagodi reduces livestock loss, and at a maximum rate
of u = 4/365, the region can sustain livestock without significant losses. For the early onset
of the rainy period, as shown in, Figure 12, livestock numbers rise to 3000 or more across all
regions. In Kgagodi, this increase in livestock population causes severe depletion of plant
biomass. Without intervention, livestock could face significant mortality due to food and
water shortages, especially during the mid-year. By increasing the harvest rate, fewer livestock
remain, thereby reducing the strain on resources and preventing overgrazing. If the harvest
rate is not adjusted, Kgagodi could experience losses of up to 1000 animals, resulting in a
reduction in over 2000 livestock compared with other regions.

Upon analyzing the plots for Kgagodi in Figures 10-12, we observe that the Kgagodi
area is particularly sensitive to variations in rainfall timing, with both scenarios showing
biomass depletion, especially during mid-year. This depletion strongly impacts livestock,
especially when rains are delayed. Increasing the harvest rate here could help stabilize the
livestock population by preventing overgrazing during this critical period. Conversely,
early rainfall allows for a more consistent supply of biomass, thus better supporting
livestock health and productivity. These regions may not require a harvest rate as high as
in Kgagodi for livestock management since plant biomass remains more abundant and is
able to sustain livestock. However, monitoring is essential to ensure livestock numbers do
not exceed the ecosystem’s carrying capacity.
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Figure 11. Figure showing effect of increasing harvest rate when rainfall comes later than expected in
different regions of Botswana.
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Figure 12. Figure showing effect of increasing harvest rate when rainfall comes early than expected
in different regions of Botswana.

4. Conclusions

This study is primarily motivated by the observed effects of climate variability, with
a particular focus on the impact of erratic rainfall patterns on livestock production in
Botswana. By estimating relevant model parameters from literature and calculating oth-
ers using online data, the research demonstrates how fluctuating rainfall directly affects
livestock populations. Botswana’s diverse vegetation is classified into four major areas,
as shown in Figure 1, with data points Kgagodi, Sehitlwa, Mabutsane, and Letlhakeng,
which provides a detailed context for understanding these effects.

The study presents a mathematical model based on a non-autonomous ordinary
differential equation that includes a periodic equation for plant growth rates. The model
uses rainfall data from Climate Engine (http://ClimateEngine.org, accessed on 15 February
2025) across four distinct study sites to estimate plant growth rates. The model is analyzed
for positivity and boundedness. An average reproduction ratio, R value, based on
the average livestock ratio, for the coexistence of plant and livestock populations was
established, and a trapping region was identified. The general pattern of the livestock basic
reproduction number R is observed to decrease through time. This decrease could be due
to some environmental and climatic variations in the region, serving as an important signal
to policymakers.

The model’s sensitivity to changes in key parameters such as harvest rate, rainfall
intensity (increase or decrease), and the timing of rainfall (early or late onset) was explored.
Sensitivity analysis revealed that early rainfall positively impacts livestock production
across all regions, as does increased rainfall intensity. Furthermore, adjusting the harvest
rate in response to changes in the rainfall pattern significantly enhances livestock manage-
ment and mitigates overgrazing, demonstrating its importance in maintaining sustainable
plant-livestock dynamics.

Numerical simulations underscore that the adverse effects of climatic variations on
livestock production can be mitigated by optimizing livestock harvest rates. Increasing
the harvest rate reduces livestock numbers, allowing plant biomass to recover and sustain
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the ecosystem whenever necessary. For example, the analysis of livestock dynamics across
different locations highlights the impact of harvesting and rainfall variability on herd
numbers. In Kgagodi, without harvesting, livestock numbers decline by approximately
37% due to feed shortages, while moderate harvesting (i = 2/365) reduces this loss to
17%. With significant harvesting (1 = 8/365), livestock numbers remain stable at their
peak levels. In Sehitlwa, biomass declines without harvesting, but livestock numbers
show minimal reduction. When rainfall is delayed, Kgagodi experiences a sharper decline
(over 55%), with numbers briefly dropping below 1000 before recovering. Letlhakeng,
in contrast, sees a 6% increase in livestock when rainfall is delayed, leading to a sharp
decrease in biomass, which can be stabilized by harvesting. Mabutsane and Letlhakeng
generally maintain their peak numbers with minimal variation. The study shows that
in these regions, the growth rate of plants, which serves as the primary food source
for livestock, is significantly impacted by inconsistent rainfall. This, in turn, affects the
availability of drinking water, resulting in compounding the challenges faced by livestock.

The results align well with observed field data, confirming the physical soundness
and applicability of the model. These findings are particularly beneficial for traditional
farmers in Botswana, whose livelihoods largely depend on livestock production and
who often lack access to advanced climate data or technologies for managing weather
variability. The model demonstrates how erratic rainfall patterns, whether characterized by
early onset or increased intensity, can enhance plant biomass and, consequently, livestock
production. Conversely, delayed rainfall and reduced intensity pose challenges that require
strategic management.

Our findings underscore the pressing necessity for the development and implemen-
tation of adaptive strategies aimed at mitigating the adverse effects of climate variability
on plant-livestock systems in Botswana. It is imperative that policymakers integrate
these strategies into agricultural policies, with a focus on promoting sustainable livestock
management and environmental conservation. Future research should concentrate on
enhancing models that predict livestock production based on rainfall patterns and on
investigating the effectiveness of adaptive strategies in diverse regional and contextual
settings. While this study is primarily focused on Botswana, its findings possess broader
implications, providing valuable insights that can contribute to global efforts to ensure
food security and facilitate sustainable agricultural practices in the context of ongoing
climate change.

This study also highlights the vital role of adaptable harvest rates in the sustainable
management of livestock, particularly in regions such as Kgagodi, where limited rainfall
constrains vegetation growth. By adjusting harvest rate practices in accordance with
prevailing environmental conditions, we aim to assist farmers in sustaining healthier
livestock populations while minimizing the risk of detrimental overgrazing.
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